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Abstract. Let 71 be a line arrangement in the complex projective plane P^. Denote 
by M its complement and by M the set of points in A with multiplicity at least 3. A 
rank one local system £ on M is admissible if roughly speaking the dimension of the 
cohomology groups H"^{M,L) can be computed directly from the cohomology algebra 
H*{M,C). In this work, we give a sufficient condition for the admissibility of all rank 
one local systems on M. 



1. Introduction 

When M is the complement of a hyperplane arrangement in some projective space P"', 
one defines the notion of an admissible local system £ on M in terms of some conditions 
on the residues of an associated logarithmic connection V(a) on a good compactification 
of M; see [8], [T3], [9], fTT] and [5]. This notion plays a key role in the theory, since for 
such an admissible local system L on M one has 

(1.1) dimif^(M,£) = dimH\H*{M,C),a/\) 

for all i £ N. 

Let ^ be a line arrangement in the complex projective plane and denote by M 
the corresponding arrangement complement. For the case of line arrangements, a good 
compactification is obtained by blowing-up the points of multiplicity larger than 2 in A. 
This explains the simple definition of the admissibility given below in Definition 12.11 

In a recent paper [12] , the authors introduced a class of line arrangements for which all 
rank one local systems on the complements are admissible. Namely, for each non-negative 
integer k, the line arrangement A is called to be of type Qk if k is the minimal number of 
lines in A containing all the points of multiplicity at least 3. It is proved in [12j that 

Theorem 1.1. Let A be a line arrangement in P^. If A belongs to the class for some 
k < 2, then any rank one local system L on M is admissible. 

The purpose of this paper is to improve the work in [6], see Remark 12.61 below. More 
precisely, we give a combinatoric condition on a line arrangement A for the admissibility 
of rank one local systems on its complement M. 
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Let M be the set of points in A with multiphcity larger than 2. Two points x, y G M 
are called adjacent if they belong to a line H G A (see pj). Suppose that A satisfies the 
following condition: 

(C) For each point x € M, there exist at most two lines Hi,H2 G A such that x € Hir\H2 
and Hi, H2 contain all points in M which are adjacent to x. 

If all points of multiplicity > 3 are situated on a line the arrangement is a nodal affine 
arrangement, see [3l[7]. Theorem 11.11 above shows that for such arrangements which are 
called of type Ci all rank one local systems on the complement are admissible. 

In [6j the author defines the notion of a path of length n to be the maximal sequence 
of distinct lines Hi,H2, . . . , where Xi = HiCi ifj+i € M and i^{x € Hi : x £ M} > 2. 
One admits that lines in A containing only double points also make a path (i.e. the path 
{H})- 

If a point X G M is not adjacent to any point in M and if is a line passing through x, 
we consider {H} as a path and for all H passing through x, one identifies the path {H } 
with {H}. A path is called a cycle if Hi n Hn € M with n > 3, otherwise it is called open 
(see |6]). 

Our first main result is the following. 

Theorem 1.2. Let A be a line arrangement in satisfying condition (C). Assume that 
A has at most one cycle. Then all rank one local systems on the complement M of A are 
admissible. 

In particular, the characteristic variety Vi(M) does not contain translated components 
and Vi(M) is determined by the poset L{A). 

In Section 2 we first make explicit the admissibility condition in the case of line ar- 
rangements and recall the definition of characteristic varieties. Then we prove Theorem 
II. 2i In the end of Section 2 we give example of a line arrangement where the results in [6] 
and [I2J can not be applied while Theorem 11.21 is useful (Example 12. 8p . 

In the last section we concentrate on arrangements having more than one cycle. The 
mains results in this section are Theorems 13.11 and 13.31 where we show that, under some 
additional assumptions, one still has the admissibility of all local systems. As an evi- 
dence, we give in Example 13.61 an arrangement and a nonadmissible local system on its 
complement. Accordingly, Theorem 11.21 does not hold if there are more than one cycle, 
also Theorem 13.31 is not true without the condition (1). That means our results are best 
possible. 

2. Admissible rank one local systems 

Let A = {Ho,Hi, ...,Hn} be a line arrangement in and M = P^ \ {Hq U ... U Hn). 
Let T(M) = IIom(7ri(M), C*) be the character variety of M. This is an algebraic torus 
T(M) ~ (C*)". Consider the exponential mapping 

(2.1) exp : iJ^(M,C) ^ iJ^(M,C*) = T(M) 

induced by the usual exponential function C — >■ C*,f i->- exp(27rit). 
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Clearly one has exp(i/i(M, C)) = T(M) and exp(i?i(M, Z)) = {1}. More precisely, a 
rank one local system L E T(M) corresponds to the choice of some monodromy complex 
numbers Xj € C* for < j < n such that Ao-..A„ = 1. A cohomology class a € H^{M, C) 
is given by 

(2.2) «=E«^4 

j=0,n ■'^ 

where the residues aj € C satisfy X^j=o n^j ~ ^ fj = ^^ linear equation for the 
line Hj. With this notation, one has exp(a) = £ if and only if Aj = exp(27riaj) for any 
j = 0, 

Definition 2.1. A local system L G T(M) as above is admissible if there is a cohomology 
class a G H^{M,C) such that exp(Q) = L, aj ^ Z>o for any j and, for any point 
p G Hq U . . . U Hn of multiplicity at least 3 one has 

j 

where the sum is over all j's such that p £ Hj. 

For an admissible local system the isomorphism in (jl.ip were shown in [8], |13j . 

Definition 2.2. The characteristic varieties of M are the jumping loci for the first coho- 
mology of M, with coefficients in rank one local systems: 

Vi{M) = {pe T(M) : dim H'{M,Lp) > k}. 

When i = 1, we use the simpler notation 'Vjt(M) = V^{M). 

Foundational results on the structure of the cohomology support loci for local systems 
on quasi-projective algebraic varieties were obtained by Beauville ^ , Green and Lazarsfeld 
[To] , Simpson [H] (for the proper case), and Arapura p] (for the quasi-projective case and 
first characteristic varieties Vi(M)). 

Before prove Theorem 11.21 we introduce the following notion which is a generalization 
of a path as defined in the Introduction. 

Definition 2.3. A subset S := {-f^ijiG/ C ^1 is called a graph if it satisfies the following 
conditions: 

(i) For alH G I then #{x G i^i : x G M} > 2; 

(ii) For all i € I, there exists j G / \ {i} such that Hi n Hj G M; 

(iii) For any two points x,y £ M. where x = Hi^ n Hi^ji/ = Hj^ n Hj^ with some 
h,i2, ji, j2 G I, there exists a path {-fffcu • • • ■,Hk^},ki G I as defined in the Intro- 
duction such that 

X = Hk^nHk2,y = Hk^_^ n Hk^. 

If H contains only one point x in M which is isolated (i.e. x is not adjacent to any point 
in M), we also call {H} a graph. If H does not contain any point of M we also admits 
that {H} is a graph. 
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The graph S is said to be maximal if there does not exist H £ A\S such that U S is 
a graph. For each graph S, we denote by {xi}jg/g set of points in M which belong to ah 
hnes in the graph. One defines zone Z(S) associated to S as fohows: 

Z{9) = {H eA:3i £ Is,Xi £ H}. 

Remark 2.4. (i) Every path is a graph. 

(ii) One deduces from the hypothesis (C) that the non-isolated point x G M determines 
lines which contain x and points of M adjacent to x. Then, a graph S will be characterized 
by the set of intersection points G M. 

Lemma 2.5. Let A be a line arrangement in satisfying the condition (C). Then, the 
set of zones of all maximal graphs makes a partition of A. 

Proof. It is obvious that 

yi = ugZ(g), 

where S runs over all maximal graphs of A. Now, let consider zones associated to two 
maximal graphs Si and S2- Assume that there exists H G Z[^i) n Z(S2)- That means 
there are i/i G Si and H2 G S2 such that 

xi = n i^i G M, X2 = n G M. 

If xi 7^ X2 then U Si and U S2 are graphs. Since Si is maximal, one obtains that 
G Si and H G S2- It implies that Si U S2 is also a graph. Hence Si = S2- If xi = X2 
then Hi U S2 is a graph. It deduces -f^i G S2- Similarly, one obtains again that Si = S2- 
The proof is complete. □ 

Proof of Theorem \1.2l Let £ be a local system on M. In order to find a good cohomology 
class a for L, we will shape, graph by graph, the positive integer residues a{p) for all 
p G M. 

Fix one line Hq in the cycle in A if it exists and any line in A containing at least two 
points in M, otherwise. We see from Definition 12.11 that the admissibility condition bases 
on the real part of the residues an, H G A. So instead of those complex residues, we may 
consider their real parts. It means we can assume that all residues aH,H G A are real 
numbers. Without loss of generality, we may assume an G [0, 1) for all H £ A \ {Hq} and 
affg = — YIiH^Hq ^h- Recall that for each x G M we denote a(x) = YIh^a xgh ^h- Let S 
be any maximum graph. 

Case 1: ^ S- We will correct aH,H G S such that a(xj) ^ Z>o,i G /g by several 
steps. 

Step 1: Start with a line Hi G S such that there is only one line H2 in S having 
intersection in M with Hi. Such a line exists since there does not exist any cycle in S- 
Let 

fli := max{0, a{p) : p G -fTi PI M \ H2, a{p) G Z>o}- 

Here and below, if the maximum is positive and attains at several points, we will take ai 
as the sum a{p) at the point p which is not the intersection point of two lines in S- 
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In this step, we replace by — ai and uhq by uhq + oi- It is obviously insures 
that 

and a{x) ^ Z>o for all x G ifi fl M \ H2. Since ai is either or the sum of residues of 
some distinct lines H G Z{S) with H ^ Hq one still has auo < 0. 
Step 2: We continue with the line H2 defined in Step 1. Let 

a2 := max{0,a(p) : p G H2 r\M \ {UHeS\{Hi,H2}H), a{p) G Z>o}. 

Denote by H2,j & J lines in S satisfying the following conditions: 

7^ -f^i,f4 — ^2 n iy2 e M,a(p^) G Z>o and 02 < a(j{)yj ^ J- 
We consider the following three possibilities. 

(a) #J > 2 and = for all G A \ S passing through some One sees that 

It implies aijp!^) = 1 and hence a{pi) ^ Z>o where = Hi Ci H2. Then, we repeat the 
process from the beginning using the same method as in Step 1 for the maximal graph in 
S \ {Hi} which contains H2 (in this case, it is actually 9 \ {-f^i})- 

(b) # J > 2 and there exist H'2 £ A\9,jo & J such that ^ H'2 and a^' / : Let 

a2 ■= max{o(p) : p G H2 fl M, a(p) G Z>o}. 
We replace by a^jj ~ «2 ^^d a^/ by a^/ + Note that this does not change 0(^2°) 
but a{p) ^ Z>o for all p G -ff2 n M \ hI° . Since a^' G (0, 1) one still has an ^ Z>o for all 
He A. 

In the next step, we continue with H2,j G J simultaneously. For each H^ we use the 
same method as we do with H2. 

(c) #J < 1: In this case, we correct residues as follows: 

■= — 0.2 and an^ ■= clho + 02- 

It is easy to verify that a{p) ^ Z>o for all p G i!f2 H M \ {yJi^jH^)- 

Similarly, in the next step we process with H^ij G J simultaneously. For each one, we 

repeat the method as in Step 2. 

We continue the process until the residue of all lines in the graph are corrected (may 

be changed or not). By the method we replace residues one can easily see that: 

Claim 1: a{p) ^ Z>o, Vp G Ui^ggiJ n M. 
Claim 2: ^^eA = 0. 

In each step, we add to a//„ integer numbers which are either or positive. In case of 
positive numbers, each of them has the form as follows: 

HGA,peH 
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For if G 9 we denote by bn the origin residue of H (i.e. before replacements) and for 
X G M denote by b{x) the sum J2xeH ^H- We shall prove the following. 

Claim 3: The sum A{S) we added to au^ after correcting residue of all lines in S is 

H 

where H runs over some distinct lines in Z{^). Consequently, one has uhq < 0- 
Before proving Claim 3, we consider what we added to qho after first two steps: 

A2 := ai + a2. 

If ai = then A2 = 02 is either or 

A2= Yl 

Hez{s),xeH 

for some x G M. Otherwise, if 02 = a{pi), where pi = HiH H2 then 

02 = (feifi - di) + ^ bn- 

Hez{3),H^Hi,pieH 

Therefore 

A2= Yl 

If 02 = a{q) for some g G M \ ifi, it is easy to see the similar property of A2. 
In order to show Claim 3 we write ^(S) as follows: 

m Si 

i=i j=i 

where aij > 0, j = 1, . . . , Si denote the integer numbers we added to ghq in Step i when 
we correct residues of Hf (we rename lines whose residues were corrected in Step i by Hf ) 
and m is the number of steps we correct residues of all lines in S. 
One reminds that 

O'ij = max{0, a{x) : x G if / n M \ HeS\(UkH'f_^)uH^ 

It means Uij is either or 

H&Z(S),xeH 

with some y E Hj nM\ {Uj^^^^^j^jyH) or 

HeZ(S),Hj^H'^_^,yeH 

where HI_i G S has intersection in M with Hf and y = H\_y H Hi G M. In the last case, 
we see that ajj + Oj-i^; = b{y). Note that once we have ajj in the last form, we also 
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have the associated aj_i^; as a term of ^(S)- The corresponding between those terms is 
one-to-one due to the way of correcting residues. 

Now, we pair terms in A(S) as follows: We start with a^ jjj = 1, . . . ,m. If a^j has 
the last form, we pair it with the associated a^-i^i, unless we keep it alone. By the same 
way, we continue with Um-ij which is not in a pair. We repeat the process until each of 
ajj 's is either in a pair or has one of the first two forms as above. Finally, one obtains 
that 

^(S) = 5]%), 

where the sum takes over some distinct points y of U/fgg(i? R M). It is easy to check that 
there do not exist two points in y's belonging to the same line in S- Claim 3 is proved. 
Our last claim is the following: 

Claim 4: After replacing all residues we get i?(S) := '^HeZ{S) > 0. 

It is the consequence of Claim 3 and the fact i?(S) = J2HeZ{S) — ^(S)- Note that 
bH>0 for ah H eS- 

Case 2: Hq € S- We correct residues an of all lines in the graph 9 \ {Hq} (we may 
choose Hq such that 9 \ {^^o} is a graph) by the same way as in Case 1. By the same 
argument as above, we also receive properties as in the Claim (1-4). 

If X € M is isolated then we replace an by an — cl{x) and a//,, by a//,, -|- a{x), where H 
is any line containing x. 

To complete the proof, we need to check that a{x) ^ Z>o for all x G Hq CiM. Indeed, 
if X is not adjacent to any point out of Hq, according to Lemma 12.51 we have 

a{x) = -^aH = -C^^an + ^ajj> +^a^^")> 

x(^H 3 H 

where J runs over all graphs of A which do not contain Hq, for each J then H runs over 
all lines in its zone; in the second term, H runs over all lines in the zone of the graph 
9 \ {Hq}, where 9 is the graph containing Hq and the last sum takes over all lines which 
do not contain any point of M or contain only one point of M and have intersection in M 
with Hq. Each sum is non-negative according to Claim 4. Thus a{x) ^ Z>o. 
If X is adjacent to y G H^ ^ Hq. We have 

xi^H 3 H 

Because a^i < 1 and the sums are non-negative we obtain a{x) < 1. 

Finally, we obtain residues of all lines in A for £ satisfying all conditions in Definition 
12. 1[ In other words, the local system L is admissible. Combining this with results in [4] 
we get the properties of the characteristic varieties as shown in the theorem. 

□ 

Remark 2.6. In [6j, the author introduced a combinatoric condition for a line arrange- 
ment A such that all rank one local systems on its complement M are admissible. 
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Theorem 2.7 (see ^). Let A be a line arrangement in satisfying condition (C). 
Assume that A has at most one cycle and on each line H £ A, there exist at most two 
points in M adjacent to points in M \ Then, all local systems on complement M of A 
are admissible. 

The following is an example of an arrangement in C3 for which both Theorem 11.11 and 
Theorem 12.71 cannot be applied, yet our new Theorem 11.21 shows that all local systems are 
admissible. 

Example 2.8. Let A be the arrangement in defined by 13 lines: Lq : z = 0, Li : x = 

0,^2 ■ y = ^^Ls : X + 3y = 3z, L4 : 3y — x = 3z, : x + Ay = 2z, Lq : x — 2y = 2z, Lj : 
x + y = 4z, Lg : 5y — 3x = 12z, Lg : 2x = z, Lio : y = 9z, Ln : y — x = 7z, L12 : y — x = 2z, 
see Figure 1, there are no parallel lines here. 




Figure 1. 

There are six points of multiplicity 3, these are pi = [1 : 3 : 1] = L12 fl L7 n Ls,p2 = [0 : 
1 : 1] = Li n L4 n L3,p3 = [2 : : 1] = Le n L2 n L5,p4 = [0 : 1 : 0] = Lq n Li n L9,p5 = 
[1 : : 0] = Lo n L2 n LicPe = [1 : 1 : 0] = Lq n Ln n L12. 

Since there are 3 points P4,P5,P6 of Lq which are adjacent to other points in M\Lo, the 
assumptions in Theorem 12 . 71 are not all satisfied. Also, since A is of type S3 then Theorem 
ll.ll can not be applied. However, one can easily check that the condition (C) defined in the 
Introduction is fulfilled and there is not any cycle in A. Therefore, according to Theorem 
11.21 all rank one local systems on the complement of A are admissible. 

3. Admissibility for other classes of line arrangements 

In this section, we discuss the case where the arrangement has more than one cycle. 
One still has the admissibility of local systems provided some certain assumptions. 
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Theorem 3.1. Let A he a line arrangement in satisfying condition (C). Assume that 
all cycles in A have at least one line in common. Then, all rank one local systems on the 
complement M of A are admissible. 

Proof. We repeat the algorithm in the proof of Theorem 11.21 by firstly choosing Hq to be 
the common line of all cycles in A. The proof is then straightforward. □ 

Let A he a. line arrangement in satisfying the condition (C). Denote by Ai set of 
all lines H G A such that H contains only one point of M. Note that if M 7^ then 
yii 7^ (unless there exists x € M and there are at least three lines passing through x 
which contain points adjacent to x, this contradicts to (C)). Let L £ T(M) be a rank 
one local system and choose residues an as in Definition 12.11 for H £ A. For each cycle 
C = {Hi, . . . ,Hs} in A, we denote by Pq the following subset of M: 

Pe ■= {Pi, ■ ■ ■ ,Ps}, 
where pj = Hj n -ffj+i for j = 1, . . . , s — 1 and ps = Hg H Hi. 

Proposition 3.2. Let A be a line arrangement satisfying the condition (C) and fix a line 
Hq in A. Assume that for any cycle Q in A not involving the line Hq there exists H G Ai 
with H D Pq ^ ^ such that an ^ Then, the local system L is admissible. 

Proof. By the same argument as in the beginning of the proof of Theorem 11.21 we may 
assume that an S [0, 1) for all H £ A \ {Hq}. Then the condition ^ Z means 7^ 0. 
The idea of the proof is the same as in proof of Theorem 11.21 but firstly we open cycles in 
A. 

Let S be any graph of A. For each cycle C in S which does not contain Hq, according 
to the hypothesis, we can choose a line Hq € Ai such that ^ (0) 1) ™d passes 
through some point pQ = H^H H^ G Pq, where Hq,Hq G C. Let 

a := max{0, a{x) : x E Hq fl M, a{x) € Z>o}, 

where a{x) = J^HeA xeH ^H- Then, in the first step, we replace residues as follows: 

aj^i := ajji — a, au^ '■= + a. 

After this replacement, we see that oh^ ^ Z>o and a{x) ^ Z>o for all x G H^ n M \ {pq\. 
However a(pe) and an with H ^ {Hq,Hq} do not change. 

Now we repeat the process as in the proof of Theorem 11.21 for each graph in 

g' ■.= 9\Mh'q}uHq). 

During the process, we regard pQ as a point of S of multiplicity at least 3 so that the 
corresponding residue a(pe) is corrected when we shape the residue of Hq. 

Finally, we obtain new residues with all conditions as in Definition 12.11 satisfied. □ 

Theorem 3.3. Let A be a line arrangement satisfying the condition (C) and fix a line Hq 
in A. Assume that for any cycle Q in A not involving the line Hq the followings hold: 

(1) The number of lines in 6 is even; 
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(2) On each line H G Q, there exist at most two points in M adjacent to other points 
inM\H. 

Then, all rank one local systems on the complement M of A is admissible. 

Proof. Let L be any rank one local system on M with residues aH,H € A. Similarly, we 
may assume that G [0, 1) for all H & A, H ^ Hq. 

Let S be a maximal graph. If 9 contains Hq or S does not contain any cycle, we 
will shape residues of line in S \ {^o} by using the same method as in the proof of 
Theorem 11.21 Since there is not any cycle in S \ {Hq} all Claims and argument there 
hold in this situation. Otherwise, according to the hypothesis, the graph S is itself a cycle 
which satisfies conditions (1) and (2) above, namely C = {-f^i, . . . ,H2k}- We consider the 
following possibilities. 

(i) There exists a point p & Pe such that a{p) = J2hga p&H '^H ^ '^>o- Without loss 
generality, we can assume that p = Hi fi H2k- Then, we repeat the algorithm as in the 
proof of Theorem 11.21 for C by firstly correcting the residue of Hi : put 

ai = max{0, a{x) : x G -fTi n M \ H2, a{x) € Z>o}. 

In the first step, replace oh-^ by oh^ — oi and by + ai. We continue the process 
with H2 until residues of all lines are corrected. 

(ii) There exists H G Ai, H (1 Pq ^ such that an / 0: Using same method as in proof 
of Proposition 13.21 

(iii) For all p G Pq then a{p) G Z>o and for all H £ Ai, H D Pq ^ ^ we have an = 0: In 
this case, due to an G [0, 1), -fT € C then for p £ Pq we obtain a{p) G [0, 2), hence a{p) = 1. 
We replace residues as follows: 

cLHii '■= aHii - a{P2i-i),aHQ ■= + a{p2i^i),i = 1,. . . ,k, 

where P2i~i = ^^2i-i H H2i £ Pq- It is easy to see that after those replacements all Claims 
as in proof of Theorem 1 1 . 2 1 remain true. 

Thus we get new residues for L with all conditions as in Definition 12.11 satisfied. In 
other words L is admissible. □ 

Let £ be a rank one local system on the complement M of a line arrangement A and 
\h € C* for H £ Ahe the corresponding monodromy numbers as in Definition 12.11 By 
the same argument as in the proof of Theorem 13.31 above, one can show the following. 

Corollary 3.4. Let A he a line arrangement satisfying the condition (C) and fix a line 
Hq in A. Assume that for any cycle Q in A not involving the line Hq, on each line H £ Q, 
there exist at most two points in M, adjacent to other points in M.\H . 

Then, either L is admissible or there exists a cycle C such that Xh = — 1 for all H £ C 
and Xh = 1 for all H ^ Q which has intersection in M with some line of Q. 

Remark 3.5. In the following example, we will see that among arrangements satisfying 
the condition (C) one can not remove the assumption in Theorem 11.21 as well as the 
condition (1) in Theorem 13.31 



ADMISSIBILITY OF LOCAL SYSTEMS FOR SOME CLASSES OF LINE ARRANGEMENTS 11 

Example 3.6. Let consider the arrangement A in consists of 12 lines: Li : x = 0, L2 : 
y = 0, : x + y — z = 0, : x + 3y = 0, : x — 3y — z = 0, Lq : 3x — y + z = 0, Lj : x — y + 
2z = 0,Ls: 4x+y-12z = 0,Lg : x+2y-10z = 0,Lio : x-y+8z = 0, Ln : 4x+y+12z = 
and Lq : z = 0, this last one is the hne at infinity. There are 6 points of multiplicity at 
least 3: pi = [0 : : 1] = Li n L2 n L4,P2 = [1 : : 1] = L2 n L3 n L5,p3 = [0:1: 
1] = Li n L3 n Le,p4 = [2 : 4 : 1] = L7 n Lg n L9,p5 = [1 : 1 : 0] = Lq n L7 n Lio,P6 = 
[1 : —4 : 0] = LoflLgnLii, see Figure 2, there are two disjoint cycles of length 3, without 
any line in common. 

We consider the rank one local system L = exp(a), where the cohomology class a G 
H^{M,C) is given by residues aj := ai^ = 1/2 for i S {1,2,3,7,8}, aj := ai^ = for 
j E {4, 5, 6, 9, 10, 11} and oq := a^^ = —5/2. We will prove that this local system L is not 
admissible. 



Indeed, assume by contradiction that L is admissible. It means, there exists a coho- 



It is easy to see that hi = /cj+1/2 for i € {0, 1, 2, 3, 7, 8} and hj = kj for j £ {4, 5, 6, 9, 10, 11} 
with kiGZ for ah i € {0, 1, ... , 11}. Since h ^ Z^q we get kj < for j e {4, 5, 6, 9, 10, 11}. 




Figure 2. 
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We have the fohowing equahties: 

i=l \ie{0,l,2,3,7,8} / j€{4,5,6,9,10,ll} 

je{4,5,6,9,10,ll} 

In other words Ylf=i ^{Pi) ^ ^>o- Moreover, one observes that b{pi) is an integer for each 
i = 1, ... ,6. Therefore b{pi) = for aU i (since b{pi) ^ Z>o) and hence kj = for all 
j e {4, 5, 6, 9, 10, 11}. In particular fe^ + 62 = 62 + ^3 = &i + ^3 = so 6i = 62 = ^3 = 
which is impossible. 

Thus L is not admissible. 
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